HORNSBY GIRLS HIGH SCHOOL
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Year 12 Higher School Certificate
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STUDENT NUMBER:

General Instructions
Reading Time — 5 minutes

Working Time — 3 hours

Write using black or blue pen

Black pen is preferred

NESA-approved calculators and drawing
templates may be used

A reference sheet is provided separately
In Questions 11 — 16, show relevant
mathematical reasoning and/or
calculations

Marks may be deducted for untidy and
poorly arranged work

Do not use correction fluid or tape

Do not remove this paper from the

examination room

Total marks — 100

Section I Pages3 -6

10 marks

Attempt Questions 1 — 10

Answer on the Objective Response Answer Sheet
provided

Section Il Pages 8 — 18

90 marks

Attempt Questions 11 — 16

Start each question in a new writing booklet

Write your student number on every writing booklet

Question 1-10 11 12

13 14 15 16 Total

Total

/10 /15 /15

/15 /15 /15 /15 /100

This assessment task constitutes 30% of the Higher School Certificate Course School Assessment




Section I
10 marks
Attempt Questions 1 - 10

Allow about 15 minutes for this section

Use the Objective Response answer sheet for Questions 1 — 10

1 i simplifies to

A 1
B) -1
©) i
D) —i

2 2

2.  The hyperbola al J
A-3 A+2

=1 has an asymptotic equation y = %x

The value of A for this equation is:

A) -1
(B) 2
C) 6
(D) 7

3 The locus defined by zz+3 (z+ Z) <0 1is the region inside the circle
(A) (x=3)"+y"=9
(B) (x+3)*+y*=9
(€) x*+(y=3)"=9
(D) x*+(y+3)*=9

.



4.  The graphs below are functions y = f(x) and y =g (x)where y = g(x)is the outcome of the

original function y = f (x) undergoing a series of transformation.

-1

Select the correct series of transformation involved.

) g<x>=lxl+m
1
(B) g(x):‘ f(x)
1
© T
1
B ]

5  Find the value of k when P(x)=x" —kx* —10kx+24 has a factor of (x+2).

(A) 1
®) -1
1
©) 5
1
D) - 5

—d -



The possible roots of P(x)=ayx’ +ax' +a,x* +...+a, x"" +a,x" =0 could be:

A) £ ta, + .
an
(B) I, ta, 20 .
an
a
(C) =1, ta, +2 .
o

(D) =1, ta,, iL,...
an

e —

X

Consider the function f(x)= ! . Which of the following is correct?

(A) f(x) is even and increasing
(B) f(x) is odd and increasing
(C)  f(x) is even and decreasing

(D)  f(x) is odd and decreasing

If '[f(x) dx=0 and J‘f(a —x)dx= jf(x) dx , which of the following functions below
0

—a 0

possess both of these properties for a =7 ?
(A)  f(x)=xsin’x

(B) f(x)=x"cosx

(C)  f(x)=e‘cos’x

ex

D) f(x)= oS

-5



10.

If a car with mass M , moving with velocity v is opposed by wind resistance av* and

road frictional force £ , where o and f are constants, then

W L
® =@+l
© ZLe-T(@+p)
© = (@v+p)

Let n be a positive integer greater than 1. Which of the statements below best describe

: 1
the area of the region under the curve y=—, x>0 from x=n-1to x=n.
X

Y
y :l NOT TO SCALE
0
(A) l<lnx< !
n n+l1
(B) lSlnxs !
n n+l1

C) e -l <(1—lj <e!

_n n
(D) e S(l—lj <e!
End of Section I

-6 --



Section 11

90 marks
Attempt Questions 11 — 16
Allow about 2 hours and 45 minutes for this section

Answer each question in a new writing booklet. Extra writing booklets are available.

In Questions 11 — 16, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Start a new writing booklet

(a) Let z=5+3i and w=-3+2i , find in the form a+ib where a and b are real

(b) Find the equations of the asymptotes and vertices of the hyperbola

(¢) Sketch the region on the Argand Diagram such that

2<|z|<3 and £<argz<£
6 2

o X
(d) Use the substitution ¢ = tanE to evaluate

dx
13+5sinx+12cosx

Oy

Question 11 continues on page 9
-8 -



Question 11 (continued)

(e) The region on the diagram below, between the curve y =12x—x*, the x axis,
x=2 and x =10 is rotated about the y axis. Use the method of cylindrical
shells to find the volume of the solid.

y=—a*4+ 12z

T

NOT TO SCALE

5
(f) Evaluate J. x—+7dx

e} Vx+4

End of Question 11.

—-9_



Question 12 (15 marks) Start a new writing booklet

(a) The graph of y = f(x) is shown.

(0.85, -6.06)

Using the templates provided construct the following transformations of f(x).

@) v =1 ()
. 1
(i) y= )

(b) (1) Expressv8—6i in the form of a+ib where a and b are real and a > 0.

(ii) Hence solve the quadratic equation 2z* + (1 —-3i ) z—-2=0, expressing the answers in

the form c+id , where ¢ and d are real.

Question 12 continues on page 11

—-10 --



Question 12 (continued)

(¢) Find j e*sinx dx
0

(d) Let P(x) be a polynomial.
(i) Given that P(x)has aroot o of multiplicity 3, show that P(a)=P"(x)=0.

(i) Given that P(x)=x"—5x’ + 6x” +4x—8 has the factor (x— 2)3 . Find the other root.

End of Question 12.

—11 --



Question 13 (15 marks) Start a new writing booklet
(a) Show that if x>0,y >0 then
(i) x*+y>=2xy

(i1) X+ y3 >xp(x+y)

(iii) hence 2(x’+y’ +2°) > xp(x+ )+ yz(y + 2) + xz(x + 2)

(b) A particle of Unit mass is projected vertically upwards against gravitational force mg

. my : . : .
and resistance = where v is the velocity of the particle and £ is a constant.

Thus the motion in the upward direction is given by
.. my . .
mx =—mg R where x is the displacement.

(DO NOT PROVE THIS RESULT)

Initially, the particle has zero displacement and velocity v, =k(h—g).

(i)  Show that the time (¢) of the motion is given by

kh

t=klIn(
kg +v

)

(i1) Show the maximum height (H) of the particle is

H=k {k(h —g)+kg ln(%)}

Question 13 continues on page 13

—12 --



Question 13 (continued)

(¢) A wooden beam of length 8 metres has plane sides with cross-sections parallel to the
rectangular ends with dimensions as shown in the diagram below.

NOT TO SCALE

2m

5m

(1) Show pzS—% and q:3—%

(i1) Calculate the area of the cross-section in terms of 4

(iii))  Calculate the Volume of the beam

End of Question 13

—13 --



Question 14 (15 marks)

(a) (1) Itis given that o 4 + Br+C . Find the values of 4, B and C.

Y-8 x-2 xX*+2x+4

(i1)) Hence, or otherwise find j dx.

-8

(b) ABCDE is a two dimensional convex polygon such that 4B = BC, ZBCD = ZEAB =90,
AF 1L EB, BD 1 CG.

D
e NOT TO SCALE
A C
B
(1) By using similar triangles prove that AB*> = BF. BE.
(11) Hence, assuming that BC* = BG. BD, prove that ABEG ||| ABDF.

(111) Show that DEFG is concyclic.

14 --



Question 14 continues on page 15

Question 14 (continued)

(c) A particle P, of mass 2m kg, at the end of a NOT TO
light inextensible string of length 2a metres, SCALE
is held /# metres at V, vertically above point C,
the centre of the circular path of the particle
which rests on a smooth sphere of radius R metres.

The string forms a semi vertical angle 6 with the
vertical. The particle follows a radius » metres on
the surface of the sphere with a uniform angular
speed of @ radians/second on the outside of the
sphere and in contact with it, as shown on the

diagram.
(1) Show that the tension (7)) in the string, in Newtons is 2
T = 2m(g cos 0+ 2aw” sin’ 0).
(i1) Show the normal force (N) on P, in Newtons is 2
N = 2m(gsin6’—2aa)2 cos&sin@).
(ii1))  Show that, for the particle to remain in uniform circular motion on the surface of 2
1
2
the surface of the sphere, then o < ( £ j , where g is acceleration due to
2acosf

gravity.

End of Question 14

—15 --



Question 15 (15 marks) Start a new writing booklet

1
(a)  Given In=Ix”\/1—xdx for n=1,2,3....
0
() Showthat [ =—2"_
2n+3

1
(ii)) Hence Evaluate IxS\/I — xdx

0

(b) Consider the curve x>+ y° +xy=3

()  Showthat & __2X*V
dx x+2y

(11) Deduce the curve has vertical tangents at (-2,1) and (2,-1)

and horizontal tangents at (—1,2) and (1,-2).

(ii1))  Sketch the curve showing these tangents.

Question 15 continues on page 17

- 16 --



Question 15 (continued)

(¢) Inthe following diagram P is the point P(ct,%) on the rectangular hyperbola xy = ¢,

where ¢ >0.

ry=c NOT TO SCALE

The normal to the hyperbola at P meets the line y=x at Q.
The acute angle between PQ and the line y=x is 6.
S is the focus of the hyperbola nearest to P.

-1
147

(1) Show tand =

(i1) Show PQ and PO are equally inclined to y=x.

(1) If PS isperpendicularto y=x,show that tanf = L (Hint: consider tan” 8 )

NG

End of Question 15

17 --



Question 16 (15 marks)

(@ ()

(ii)

(iii)

(iv)

(b) ()

(ii)

(iii)

By considering the expansion of (cos 0 +isin 0)5 and by using De Moivre’s
Theorem show that

08560 =16¢0s> B —20cos> 6 +5c0s 6.

Hence find all the four roots of the equation
16x* —20x* +5=0.

Hence, or otherwise, show that

Find the exact value of
6r

. 31 .
sin—sin—.
5 5
Show that cos(a + f3)+cos(a—f)=2cosacos 3 .
Hence, or otherwise, find J.cos nxcosmx dx, n>m>0

T
2

r=9

Find the exact value of E jsin rxsinx dx.

r=l o

End of Examination

- 18 --



Template for Question 12(a)

@D y=r() (i) y=—
y
f(x)
3-
2 3]
(-1.65,0.88) | r
2-
T T (-1.55, 0.88) I
-3 1 1
3 1
54
,6-
(0.85, -6.06) 7
,6-
(0.85, -6.086)
(i) y=tan” f (x) (1i1)
34
2.
(-1.55, 0.88)

(0.85, -6.06)

) .



Year 12 Mathematics Extension 2 Trial Term 3 2019 Solutions

MULTIPLE CHOICE

Solution Comment

1. ¥=504r3

.201 .
109=l3

=i D)

4(2+2)=9(4-3)
42+8=91-27
35=541
o A=T (D)

3. zZ7+3(z+2)<0
(x+iy)(x—iy)+3(x+iy+x—iy)<0
x>+ 32 +6x<0

x*+6x+9+)* <9

(x+3)°+)*<9 (B

©

5. P(-2)=-8—4k+20k+24=0

16k+16=0
k=-1 (B)




Solution

Comment

6. P(x)=apx’+ax' +ax* +..+a, x"" +a,x" =0

Possible roots must be of the form

+the factors of ag (i.e £1,%ay )
*the factorsof a, (i.e +1,*a,)

(D)

2e*
(ex + 1)2

> (0 for all x (increasing) (B)

8. f(x) dx=0 — odd function i.e. only A

[ 4
—a

a
o

f(a—x) dx:jf(x) dx— A, B only.
0

o
0

A)




Mx=—av -p
- 1
x=—ﬁ<av2+ﬂ)
dV__L 2
va— M(av +ﬂ)
ﬂ:—L[a\wéj A)
dx M 5

10.

Area of small rectangle 4, = 1 u
n

Area of large rectangle 4, = Ll u?
’/l —

n

1 n
—dx=|I1
jx = [Inx]"
n—1

:ln(n)—ln(n—l)

n

.-.(1—% se -l (C)




Question 11 Solutions

(@)(i) zw=(5+3i)(-3-2i)
=—-15-9i —10i — 6i*
=-15-9i-10i +6
=-9-19;

.. 2 2
i) —=—
(i) iw '(—3+2i)
2 (2+3)
—31 ( +3i)
( 2+3z)
449
—4+6i
13
4 6}
=t
1313
yz 2 \/_
b ———=1 where a =23
®) 12 4
b=2
Equation of asymptotes x = ié y
X = +—
N’
:i—
\/§y
Ly= i\/§
*. Vertices (0, J_r2\/§)
(©)
Im(z)
- 9‘6)"' -~ ~
/, ~
4 —=® - \\
/ ,’ ~
/ /7 S \
1 1 . \
S £
- e
10 1
11 12\ re
\ \ -1 / 7/
\ Mo // //
\\ ~ e = 7 P
S o P
~ gl - -




Question 11 Solutions

() _dx Let =tan>
13+5sinx+12cosx 2
0
1 2 X
dt =—sec” — dx
2 2
dx = 22dt
1+1¢
When x=0, t=0
x=£,t=l
2
1 2
dt
:j 1+¢
2t 1-¢?
13+5 +12
0 (1+t2) (1+tzj
1 2
dt
=j 1477
100 12-12¢2
13+ +
° 1+ 147
1
N 2dt
J 13(1+t2)+10t+12—12t2
0
1.
~ 2 dt
J P +106+25
0
1.
[ 2a
) (t+5)
0
l.
-2
=|2(¢+5) dr
.0
-1 1
——[2(e+5)"]
0
[
t+5];
22
(O)+5 (1)+5
_21
5 3
1




Question 11 Solutions

(e) \

NOT TO SCALE
é ¥ /P(x, y)

o . \ }
S.A. of hollow cylinder =27zxy
SV =27xy Sx where y=12x—x’
oV = 27rx(12x—x2) ox
10
Volume of solid 7 = lim » 27x(12x—x") &x

Ox—0
x=2
10

= 2ﬂj12x2 —x dx

2

4710
:27{4x3—x—}
41,
=2r (4000——1000())—(32—&}
4 4

= 29447 1

®

_ x+4 N 3 I

J Vx+4 Jx+4




Question 11 Solutions

(f)cont.
3 3
=[@+6(5+4)1[@+6(3+4)
2(2 2(1
=[M+6(3)}—[ﬁ+6(1)}
3 3
=36—6E
3
5
OR j;_ldx Let u? = x+4
-3
x=u’-4
dx =2u du
When x=5, u=3
x=-3, u=1
* )
:Iu +:)’Zua’u
u

1
2




Question 12 Solutions

@@ y=r ()

(-1158. 0'88)

<

(-0.85, -6.06) | (0.85,-6.06)

x=1

y

y=f(x)

(iii) y=tan”' f(x)

[
[
[
[
[
|
[
(0.85, —?.17) :
FEEmY
[
[
: I
[
[
[
[
[
[
[
[
[

(0.85, +6.06)

| (0.85,-1.41)

(0.85, -6.06)




Question 12 Solutions

(b)(i) Let x+iy=~/8—6i
(x+iy)2 =8—-6i
x? +2xyi+y2i2 =8—-6i
x? —y2 +2xyi =8—6i
Equating like terms X% - y2 =8 —(1)

2xy=—6
3

y=———()
X

2
Sub (2) into (1), x> _(_ij _
X

x*t-8x*-9=0

(x2 —9)(x2 +1) =0
Since x is the real component of the complex number,
x> =9
Sx=13
Sub x =43into (2), .. y=7F1

SoAN8—6i=3—ior —3+1i

()  22°+(1-3i)z-2=0
a=2 b=1-3i c¢=-2

L —b+~b% —4ac
2a
_—(1-30)%(1-3)" ~4(2)(-2)
2(2)

—1+3i£1-6i-9+16

4
 —14+3it+8B—6i
4
a3 (3 i A
L +3i+(3-1) o = 1+3i+(-3+1)
4 4
2420 —-44+4i
z= or =
4 4

1. .
Sz=—+—i or —1+i
2 2




Question 12 Solutions

(c) Let 1= J. e sinx dx

0

= [uv]g —J.u'v dx
0

2X and v'=sinx

where u=e
u'=2e%* V=—COSX
T

- [—e“ cos x]z - (—)ZI e** cosx dx

0

Vs

= [— ez(”) cos (71') — (_ez(o) cos (O))} + 2j e**cosx dx

0

V4

- [_ez” (-1)+( 1x1)]+2j62x cosx dx

0
T

= (ez” + 1) + 2j e** cosx dx

0

T

- (ez” +1)+2 [uv]g —ju'v dx
0

2x

where u=e and v'=cosx

2 .
u'=2e"" y=sinx

= (ez” + 1) +2 [ezx sin X}Z - 2-[ > sinx dx}
0

51=(e2”+1)
e " +1
5

(d) Let P(x)= (x—oc)3 O(x) with a being the root of
multiplicity of 3




Question 12 Solutions

(@()cont. P(x)=(x-a) O(x)
P'(x)=u'v+v'u where u=(x-a)
u'= (x—oz)2
v=0(x)
v'=0'(x)
P'(x)‘3(x a) O(x)+(x—a) 0'(x)
(x—a) [3Q(x) (x— a)Q‘(x)]
and let M (x)=30(x)+(x-a)Q'(x)
.‘.P'(x):(x—a)zM(x)

3

P"(x)=u'v+v'u where u= (x—a)2

u'=2(x—a)
v:M(x)
v'—M'(x)
2(x—ar)M (x)+(x~a) M'(x)
=(x—a [ZM x)+(x—a)M'(x )]
P'(a)=(a-a [2M(“)+a a)M (a)]
- P(a)=(0)[ 24 () + (0)M ()]
L P"(a)
(@)

P"(x)

(24

(24

0
" P(a)=P"(a)=0 (asrequired)

(i1) P(x):)c4—5x3 +6x% +4x -8 divided by
factor (x— 2)3
Method 1: (x—2)’ =x* —3x*(2)+3x(2)" -8

=x’—6x>+12x-8
x+ 1

x3 —6x2 +12x—8>x4 —5x3 +6x2 +4x-8

— (x4 —6x° +12x7 —8x) J

X —6x%*+12x—8
—(x3 —6x? +12x—8)
0

.. the remainder root is -1.

Method 2:  Let the roots be 2,2, 2, o
2(2)(2)a==

a




Question 12 Solutions

-8
(d)(i1)cont. 8a = (T))
8a=-8
..a =—1 1i.e. the remainder root
8a=-8
..a =—1 1i.e. the remainder root
Question 13 Solutions
) 2
(@)(i) (x=»)" 20
x* - 2xy + y2 >0

x* + y2 >2xy  (as required)

(i1) x* 4yt >2xp
(x2 +y2)(x+y)22xy(x+y).
X’ +xy2 +x2y+y3 22xy(x+y)
X +y3 +xy(x+y)22xy(x+y)

X +)° 2xy(x+y) (as required)

(ii1) Since X4yt xy(x+y)
Similarly x* +2° 2 xz(x +2z)
z° +y3 2 zy(z+y)

2(x3 +y° +23) > xy(x+y)+xz(x+z)+zy(z+y)

(as required)

b)) mx=-mg —%

av__ g+1j
dt k
v (gk+v
dr Tj
dt k
v gk+vj
Cdi = k dv




Question 13 Solutions

k dv
gk+v

(b)(i)cont. j g J
0 %

N
k[ In(gk +v)—In(gk+v,) ]

]

:kln(MJ since vy =k(h—g)

gk+v
St=k ln(
Time to reach max height is whenv =0,
gh

t:kmigh (O)J.

St=kln (ﬁj
g

Max height x= —(g +%)

gk+v

gk +v,

kh
gk+v

j (as required)

(i)

vﬂ:_(gkjtvj
dx k
v (gk+v
E__[ v ]
dx kv
E__(gk+vj
ﬂ:— Y jdv
k gk+v

{f} | gk+v—gk 0
k1, gk+v
0
Yo
7_ 1- gk dv
k gk +v
0
H Vo
Tz[v—gkln(ngrv):'O

H =k| vy —gkln(gk+v,)—(-gkIn(gk))]

H:l{vo—gkln(

gk +v,
gk




Question 13 Solutions

(b)(ii)cont. H =k[v,— gkln(gk+wb)4—gkln(gk)}

H= k{ +gkm j}
gk +v0

Since v, = kh—kg

gk
= k| (kh—kg)+ gkln| —>——
{ ?) gl{%+%—@ﬂ

“H= l{ kh— kg + gk ln( h ﬂ (as required)

(©

NOT TO SCALE

2m.

b

(1)

8p—16=24-3h
8p =40-3h

L p=5 —% (as required)

2\
qg-1

1 1 1
h -

< 8-h >




Question 13 Solutions

g-1_ 8-h

(c)(i)cont. R

2

h
g=3-n
1=

I

(i1) 4,,=prq

!

5.3

8

4
:15—%+
8

(i) OV =4,06h

8 (
h=0

15—ﬁ+
8

V = lim
Oh—0

8

|

0

1942
16

15h -

—120-76+16
=60 m*

8¢ -8=16-2h
8q =24-2h

(as required)

)

3 0
4

2
152 0k S

g8 32

W

32

19h 3h®

& 32

15——+—J oh

2
3~ dh
32

|

8

h3

32],

Question 14 Solutions

@@ - =1

Bx+C

-8

X -

x=Ax* +2A4x+44

+Bx* —2Bx-2C
+Cx

x=(A4+B)x*+(24

+
x-2 x*+2x+4
xEA<x2+2x+4)+(Bx+C)(x—2)

x= Ax? +2Ax+4A+(Bx2—ZBx+Cx—2C)

+C-2B)x+(44-2C)

Equating like terms: A+ B =0
B=-4 — (1)
24+C-2B=1 —(2)




Question 14 Solutions

(a)(ii)cont.

Sub (1) and (3) into (2) 2A4+(24)-2(—4)

Sub (4) into (1)

Sub (4) into (3)

D= = =

N~

N~

_In|x-2| In

AN~
Q

([ 1
+
J (x 2 42xv+4 A +2x+4

44-2C=0
2C=44

C=24 —@3)

64=1

1
A=< @)

Ry -
6

~C=

1
6’

1 —x+2
)
x—2 x"+2x+4
1 x—2

jdx

- ]dx
x—2 x"+2x+4
+1)-2-1

L (-2
x“+2x+4

x—2
j dx

1 (x+1)-3
x—2 x>+2x+4
(x+1)

11 2(x+1) +

dx

x—2 2 x*42x+4

I

1n|x—2|—%ln(x +2x+4 +—J‘[

x +2x+l +3

+(x+1) +3J dx]

NG

)c+1)2

1 _l 2x+2
x—=2 2 x*42x+4

)

ln|x 2|——1n(x +2x+4 +IJ‘[WJ dx]

(x +2x+4) \/5

e

6

+—tan~
12 6

J3




Question 14 Solutions

(b)(@) P

In ABAE and ABFA,

E
ZBAE = ZBFA=90°
(given)
ZABE = ZFBA
(common) Al B

~.ABAE || ABFA A

(equiangular) :
F B

BE _ BA o o .
—— =—— (corresponding sides of similar triangles in same
BA BF
ratio)
.. BE.BF = BA*

(i) Assume BC? =BG.BD,

D
E
A C
B
AB=CB (given)
AB* = CB?
BF.BE = BG.BD [from (a) and given]
BG_5E
BF BD

In ABEG and ABDF ,
ZEBG = ZDBF (common)

BG _BE

BF  BD

(proven above)




Question 14 Solutions

(b)(i)cont. .. ABEG ||| ABDF (two sides in same ratio and an equal
included angle)

(111)) In ABEG and ABDF ,
/ZBEG = ZBDF (corresponding angles of
similar triangles)
..D, E, F and G are concyclic points (angles in the
same segment)
.. DEFG is a cyclic quadrilateral.

(c)d) In AVBP, Y
r=2asin@ 0
2a
h=2acos@ h
.
-
0
T.X
N
"
NX

Vertically: T cos@+ Nsinf =2mg (1)

Horizontally: Tsin@— N cos@ = 2mra? )

(1) xcosé T cos? 0+ Nsinfcosd =2mgcosf (1)
(2) xsin@ T'sin” @ — N sin @ cos 0 = 2mra* sin @ 2y
(1y+Q2) Tcos? @+Tsin” 6= 2mg cos O + 2mra? sin O
T(cos2 0 +sin® 6’) = 2m(g cos @+ re’ sin 6?)
~T= 2m(gcosl9+ra)2 siné’)
= 2m(gcos6?+(2a sin 6) o sin@)

~T=2m (g cos 0 + 2aw” sin® 9) Newtons




Question 14 Solutions

(c)(ii) (1) xsin@ T cos@sinf+ Nsin? 0 = 2mgsinf (1)”
(2) xcos@ TsinBcosO— N cos? 0 = 2mra?® cos @ )
(D”-2)” Ncos? @+ Nsin’ 0 = 2mgsin @ — 2mra?® cos 0
N(cos2 6 +sin? 6’) = 2m(g sin @ — rw? cos 0)
S N= 2m(gsinl9—ra)2 cos<9)

S N=2m (g sin @ — 2aw? cos Osin 6?) Newton

(ii1)) For the particle to remain in contact with the surface of the
sphere, then 7> 0 and N > 0 for all the values of w. Since
T is always positive, thus need to consider N.

Hence N>0
gsin6?—2aa)2 sinfcosd >0
sinH(g—chz)2 c0s0)>0 and since 0° <0 <90°
-.sin@ >0
1.e. g—2aw2c0s9>0
g >2aw” cosd

& 2

2acos@
w2< g
2acos@

Question 15 Solutions

1
(@@ I, :J‘x”\/l—x dx for n=0,1,2,...
0

1
ie. [, 1= an_lx/l—x dx

0
1

=[uv]10—J‘u'vdx where u=x" and v'=+/1—x

o w

2(1-x)

u' =nx V=
-3




Question 15 Solutions

2(1—x)

[S7[o%)
=
=
|
(=)
+
|l\)
S
e —
=
ki
—
—_—
|
=
N—"
—
|
=
&

(a)(i)cont. = {

1 0

— 042 | (v Vi Vi) d

0

1 1
=2?nj‘x"1\/1—x dx—i—nJAx”\/I—x dx
0 0

[n :2_nln—1 _2_nln
3 3
In+2—nln :2—nln_1
3
3+2n]n _2111—1
3 3
(3
"3\ 3+2n) "
2n

__2()
T 3+2(1)
=z]0

5

Iy = jxoxll—x dx
0

1 Iy




Question 15 Solutions

1

(a)(i)cont. [, = I(l — x)% dx

3 3
:3[(1_0)2_(1_1)2}
3
2
=Z[1-0
[1-0)
_2
3
3@)
5\3
_4
15
3l
7
105
IRl
30105
o2
RETE
- 2, 2 _
(b)(@) X +y +ay=3
2x+2yﬂ+u'v+v‘u20 where u=x and v=y
X
u'=1 v &
dx
dy dy
2x+2 +y+x—=0
Y T
2x+y+2y Y xd—y—O
dx
d

2x+y+(2y+x)d—y:0
X

(2y+x)%:—(2x+y)

2x+
Q=—( i y) (as required)
dx x+2y




Question 15 Solutions

(b)(i1)  For vertical tangents when x+2y =0
x==-2y
(—2y)2+y2+(—2y)y:3
4y* +y* —2y* =3
3y =3
y =1
Ly=xl =>x=7F2

~.Vertical tangents at (2, -1) and (-2, 1).
For horizontal tangents when 2x+y =0
y=-2x
X%+ (—2)6)2 + x(—2x) =3
x2+4x? —2x* =3
3x* =3
¥t =1
SLx=11 =>y=F2

.Horizontal tangents at (1, -2) and (-1, 2).

(iii) ,

(-1, 2)

2,1 !

(1.-2)

(0)(@)
y . Y=

2
m=e NOT TO SCALE




Question 15 Solutions

(c)(i)cont. x=ct and y =§

dx dy ¢
dr a2
dy dy dt
dx  dt dx
_c 1
e
1

Since tangent at P L PQ, ..mpy = t*

Mpy —M
tand=| —2 92
1+ mpy xmg,
-1 :
Stan@ = 5 (as required)
1+¢
c_
(i)  mpy = L
ct—0
[c
_\U
ct
_1
)
-
tan ZPOQ = —fl
1+ 2
-1
2
2+l
2
-1
*+1
- tan ZPOQ = tan 6 (as required)

(i) (V2 eV2)
If PS LOQ, ..mpg=-1

o

ct—cx/E -

Hence -1




Question 15 Solutions

(c)(iii)cont. %— 2=—t+2

t+l:2\/§

t

2
t:IZZ\/E

Now tan @ = tan ZPOQ from (ii),
-1
> +1
-1

tan @ =

0) (as required)




Question 16 Solutions

(a)(i) (cos@+isin 6?)5
=cos’ O +5cos” §(isin@)+10cos’ O(isin 9)2
+10cos” O(isin 49)3 +5cos6(isin 6’)4 +(isin 0)5
=cos’ @ +5icos” @sin @ +10cos’ H(Z'Z)Sin2 0
+10cos? 6’(1‘3)sin3 6?+5cos6?(i4)sin4 9+(1’5)sin5 0
=cos’ 6+ 5icos” Osin @ +10cos’ 9(—1)Sin2 0
+10cos” (—i)sin’ @ +5cos & (1)sin* &+ (i)sin’
=cos’ @ +5icos* @sin@—10cos’ Osin” @
—10icos® @sin’ @+ 5cosPsin® @ +isin” 6
And by De Moivre’s Theorem,
(cos@+isir10)5 =c0s 50 +isin 50

Equating the real terms:
c0s 560 = cos’ @ —10cos> @sin® @ +5cosOsin* @

2
=cos’ 0 —10cos’ Osin> 6’+5cos€(sin2 9)

2
=cos’ @—10cos’ 6?(l—cos2 9)+500s0(1—c052 49)
=cos’@—10cos> @ +10cos’ @

+5c056’(1—200s2 0 + cos* 9)

=c0s’@—10cos> @+10cos’ @ +5cos@—10cos’
+5c0s° 0

.c0850 =16cos’ @—20cos’ O+5cos6 (as required)

(i1) Let cos50=0
16cos’ 0—20cos’ @+5cos@ =0 and let x =cosd
16x° —20x” +5x =0
x(16x* =20x> +5) =0
x=0 or 16x*-20x*+5=0
The roots of x can be obtained from cos50 =0;

549:2k72'+% where k=0, 1,2, 3, 4

59=4k7r+7r
2
._.9=4k7r+7z
10
When k=0, 6’=£, xl—cosl
10 10
k=1, 0=2Z, x,=0
2
O 9
=2, =—, X3 =C0S——=—C0S—
10 1 10




Question 16 Solutions

137 137 RY/4
a)(ii)cont. k=3, d=——, x,=CcOS—— =—COS—
(@)(ir) 10" ™ 10 10

k:4’ —17_7[, x5: Sﬁ:cos?)_ﬂ-

10 0 10

. 16x* =20x? +5 = 0 has 4 non — zero roots are

Vs Vs kY4 V4
cos—, —cos—, cos— and —cos—.
10 10

(i)  16x*—20x*+5=0
X X3X, X5 = € Where e=5and a=16
a

5

16

s s RY/4 RY/4 5
COS—| —CcoS— |cos—| —cos— |[=—
10 10 10 10 16

T RY/4 5 . T
.. COS—COS— = —— since COSB >0

10 10 4

and cos3—ﬂ >0
10

. . 37 . 6br T 3z T br
(iv) s1n?sm?:cos ———|cos| ———

Sr—-127x
cos
%)

=CO0S

RY/4 6r \/g

S.sin—sin—=———
5 4

Proof: LHS =cos(a+ f)+cos(a—p)
= cosacosf—sinasinf
+cosacos B +sinasin
= 2cosacosf

~LHS =RHS (QED)

(b)(1) _To prove: cos(a +ﬂ) + cos(a —ﬂ) =2cosacos




Question 16 Solutions

Comment

(b)(i1) J-cos nx cosmx dx

=%J-cos(n+m)x+cos(n—m)x dx

2

+ +C

(n+m) (n—m)
sin(n+m))c+ sin(n—m)x
2(n+m) 2(n—m)

l{sin(n+m)x sin(n—m)x

+C

() Ifa>p>0
—2sinasin B =cos(a + ff)—cos(a—f3)
~.2sinasin B = cos(a — ff)—cos(a + )

~.sinasin =%[cos(a—ﬂ)—008(a+ﬂ)]

TS

=

1

N
Il

jsm rxsinx dx
0

)
N

Il
o'—‘wm

sin xsinx dx + jsin 2xsinx dx+ Isin 3xsinx dx
0 0

N

+...+

o '-—,N\é\

sin 8xsinx dx + Isin 9x sinx dx

0

7Z'

“- cosx—cos3x) dx
0

l\)Iv—‘
l\)I'—‘

J‘ cosO—cos2x dx +
0

% (cos7x—cos9x) dx

N|»~

ya
2
j cos2x —cos4x) dx+..+
0

+— | (cos8x—cos10x) dx

N | =

o'—’m\,\q o'—’m\,\q

1
:E JcosO—cost+cosx—cos3x+cos2x—cos4x
0

+...+c0s8x —cos9x —cos10x dx|




Question 16 Solutions

Comment

4
2
nd

(b)(iti)cont. = % (cos 0+ cosx—cos9x—cos le) dx

SSERCA

1
2)

[x+smx—

K
2

T

7 8
_+_
| 2 9}

2 18
97r 16
36

97r—16)

sin 9x

N

sin10x

a5

NUN

9

10

. (%j . [mnj
Sin 7 Sin 7
— -0

(1+cosx—cos9x—colex) dx

sin5z
10

—+1—l+0
2 9

© THE END ©

10
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